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1. Introduction
Let O be a complete discrete valuation ring with an algebraically closed residue field
k =O/J (O) of characteristic p. For any a ∈O, we denote by a¯ the image of a in k through
the reduction homomorphism O→ k. For any O-algebra A, we denote by A∗ and Z(A)
the multiplicative group of all invertible elements of A and the center of A, respectively.
Without ambiguity, we will always denote by 1 the identity element of an O-algebra.
1.1. Let G be a finite group and OG be the group algebra of G over O. Recall
that an OG-interior algebra A is an O-algebra A endowed with a group homomor-
phism ρ :G → A∗; for any x, y ∈ G and a ∈ A, we write xay instead of ρ(x)aρ(y). Let
 :H → G be a group homomorphism; we denote by Res(A) the OH -interior algebra A
with the group homomorphism ρ ◦  :H → A∗. Let A′ be another OG-interior algebra.
An O-algebra homomorphism f :A → A′ is said to be OG-interior if for any x, y ∈ G
and a ∈ A, f (xay) = xf (a)y; furthermore f is an embedding of OG-interior algebras if
f is injective and Im(f ) = f (1)A′f (1); in this case, we also say that A is embedded into
A′ asOG-interior algebras. We denote by A⊗O A′ theOG-interior algebra formed by the
tensor product of A and A′ with the group homomorphism
G → A∗ ⊗O A′ ∗ ⊂
(
A ⊗O A′
)∗
, x → x1 ⊗ x1.
1.2. Let G{b} be a pointed group on OG and Pγ be a defect pointed group of G{b}
(see [10] for more on pointed groups). Choose i ∈ γ and set (OG)γ = iOGi, which is
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all defect pointed groups Pγ contained in G{b} exactly form one conjugate class under the
G-conjugation action. Therefore (OG)γ is unique up to conjugation and isomorphism. For
a subgroup Q of P , we denote by LPPγ (Q) the set of all local pointed groups Qδ on OG
contained in Pγ . The set LPPγ (Q) can be identified with the set of all local pointed groups
Qδ on (OG)γ through the canonical embedding of OP -interior algebras (OG)γ →OG.
Obviously G acts on the set of all pointed groups on OG by the G-conjugation. For any
subgroup H G, we denote by NG(H) the normalizer of H in G and for any point α of
H on OG, we denote by NG(Hα) the stabilizer of Hα in NG(H).
1.3. Let Q be a group with a group homomorphism Q → Aut(G), which induces a
Q-algebra structure on OG (see [10]). Let (OG)Q be the unitary O-subalgebra of OG
consisting of all Q-fixed elements of OG and CG(Q) the subgroup of G consisting of all
Q-fixed elements in G. When Q is a p-group, the map
BrOGQ : (OG)Q → kCG(Q),
∑
x∈G
axx ∈ (OG)Q →
∑
x∈CG(Q)
a¯xx
is just the usual Brauer homomorphism associated to Q and the Q-algebra OG (see
[10, §11]).
1.4. Let Q be a p-subgroup of G and Qδ be a local pointed group on OG. By the
definition of local pointed groups and [10, Theorem 3.2], BrOGQ (δ) is a point of kCG(Q)
and thus there exists a unique block idempotent b¯δ of kCG(Q) such that BrOGQ (δ)b¯δ 	= {0}.
Since the surjective homomorphism OCG(Q) → kCG(Q) induces a surjective homomor-
phism
Z
(OCG(Q)
)→ Z(kCG(Q)
)
,
by [10, Theorem 3.1], b¯δ can be uniquely lifted to a block idempotent bδ of OCG(Q).
Note that if H is a subgroup such that QCG(Q)H  NG(Qδ), then bδ is also a block
idempotent ofOH . If the block algebraOCG(Q)bδ is nilpotent (see [4]), then Qδ is called
nil-centralized; in particular, if Z(Q) is a defect group of OCG(Q)bδ , then Qδ is self-
centralizing.
1.5. Let G and G′ be two finite groups and b and b′ be the block idempotents of OG
and OG′, respectively. Now we assume that
(1.5.1) OGb is basic Morita equivalent to OG′b′ (see its definition in [7]).
Then by [7, Theorem 6.9 and Corollary 7.4], there exist suitable defect pointed groups
Pγ of G{b} and P ′γ ′ of G
′
{b′}, respectively, an isomorphism σ :P ∼= P ′ and an indecompos-
able endo-permutation OP -module U (see its definition in [10]) with vertex P such that
there exists an embedding of OP -interior algebras
Fγ,γ ′ : (OG)γ → EndO(U) ⊗O Resσ
(
(OG′)γ ′
)
. (1.5.2)
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rem 5.3 and Proposition 5.9], the embedding (1.5.2) induces a bijection
FQ,Q′
γ,γ ′ :LPPγ (Q) → LPP ′γ ′ (Q
′),
mapping Qδ on Q′δ′ such that
(1 ⊗ i′)Fγ,γ ′(i) =Fγ,γ ′(i) =Fγ,γ ′(i)(1 ⊗ i′)
for some i ∈ δ and i′ ∈ δ′.
With these preparations as above, now we can state our main result as the following:
Theorem 1.6. Keep the hypothesis (1.5.1) and the notations as above, let Qδ ∈ LPPγ (Q)
and set
Q′δ′ =FQ,Q
′
γ,γ ′ (Qδ).
If Qδ is nil-centralized, then ONG(Qδ)bδ is basic Morita equivalent to ONG′(Q′δ′)bδ′ .
2. Some properties of pointed groups under the bijection FQ,Q′
γ,γ ′
Among the main ideas in the proof of Theorem 1.6 is [2, Theorem 1.8], in which per-
mutation groups (see [2]) play an important role. Therefore we are going to introduce some
notations about permutation groups.
2.1. A pair (G, I) is called an I -permutation group if G is a finite group and I is a finite
set such that G acts on I . Let (G′, I ) be another I -permutation group. A group homomor-
phism from (G, I) to (G′, I ) is a pair (φ,f ), where φ :G → G′ is a group homomorphism
and f : I → I is a map such that f (x.s) = φ(x).f (s) for any x ∈ G and s ∈ I . We denote
by HomI (G,G′) the set of all such group homomorphisms. Obviously the actions of G′
on I and on G′ by the conjugation induce a group homomorphism G′ → HomI (G′,G′),
through which G′ acts on HomI (G,G′) by the composition. We denote by HomI (G,G′)
the set of all the orbits of G′ on HomI (G,G′) and by (φ,f ) the orbit in HomI (G,G′)
containing (φ,f ) for any (φ,f ).
Let H and K be two subgroups of G. Obviously H and K are also I -permutation
groups. Any x ∈ G such that Kx H determines a group homomorphism (φx, fx), where
φx :K → H , g → x−1gx, and fx : I → I , s → x−1s. We denote by EG,I (K,H) the
set of the orbits (φx, fx) ∈ HomI (K,H) which all such (φx, fx) belong to. Let A be
a G-algebra and Hα and Kβ be two pointed groups on A. Similarly, any x ∈ G such
that (Kβ)x  Hα also determines an orbit (φx, fx) ∈ HomI (K,H) and we denote by
EG,I (Kβ,Hα) the set of all such orbits (φx, fx). When I = ∅, we write EG,I (Kβ,Hα)
as EG(Kβ,Hα); further when Hα = Kβ , we write EG(Kβ,Hα) as EG(Hα), which is iso-
morphic to NG(Hα)/HCG(H). Finally, we want to point out that for a normal subgroup H
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morphism G → G/H and the left multiplication.
2.2. Now we borrow the hypothesis and notations in 1.5. Let Qδ be a local pointed
group on OG, QCG(Q)β and NG(Qδ)α be the unique pointed groups on OG such that
Qδ QCG(Q)β NG(Qδ)α (see [10, Proposition 37.7]) and Rλ and Tν be defect pointed
groups of QCG(Q)β and of NG(Qδ)α , respectively. From now on, we assume that Qδ is
nil-centralized and that Qδ Rλ  Tν  Pγ . Set
Q′δ′ =FQ,Q
′
γ,γ ′ (Qδ), R
′
λ′ =FR,R
′
γ,γ ′ (Rλ) and T
′
ν′ =FT ,T
′
γ,γ ′ (Tν).
Let Q′CG′(Q′)β ′ and NG′(Q′δ′)α′ be the unique pointed groups on OG′ such that Q′δ′ 
Q′CG′(Q′)β ′ NG′(Q′δ′)α′ .
Lemma 2.3. Keep the hypothesis and notations as above. Then
(2.3.1) Q′
δ′ is nil-centralized. In particular, if Qδ is self-centralizing, so is Q′δ′ ;(2.3.2) T ′
ν′ is a defect pointed group of NG′(Q′δ′)α′ ;
(2.3.3) R′
λ′ is a defect pointed group of Q′CG′(Q′)β ′ .
Proof. (2.3.1) By [7, 7.7.4], the basic Morita equivalence between OGb and OG′b′ in-
duces a basic Morita equivalence between kCG(Q)b¯δ and kCG′(Q′)b¯δ′ . Then similar to
the proof of [7, 7.6.6], it is easily concluded that the local categories (see [8] for its original
definition) of kCG(Q)b¯δ and kCG′(Q′)b¯δ′ are equivalent. Thus for any local pointed group
U ′
ξ ′ on kCG′(Q
′)b¯δ′ , there exists a local pointed group Uξ on kCG(Q)b¯δ such that
ECG′ (Q′)
(
U ′ξ ′
)∼= ECG(Q)(Uξ ).
Since Qδ is nil-centralized, kCG(Q)b¯δ is nilpotent and thus by [4, Theorem 1.6],
ECG(Q)(Uξ ) is a p-group. Hence ECG′ (Q′)(U
′
ξ ′) is also a p-group. By [4, Theorem 1.6]
again, kCG′(Q′)b¯δ′ is nilpotent. Thus Q′δ′ is nil-centralized.
If Qδ is self-centralizing, thenOCG(Q)bδ and kCG(Q)b¯δ have the unique defect group
Z(Q). Since kCG(Q)b¯δ is basic Morita equivalent to kCG′(Q′)b¯δ′ , by [7, Corollary 7.4],
any defect group of kCG′(Q′)b¯δ′ has the cardinality |Z(Q)|. Since Z(Q′) is contained in
any defect group of kCG′(Q′)b¯δ′ and |Z(Q′)| = |Z(Q)|, Z(Q′) has to be the unique defect
group of kCG′(Q′)b¯δ′ and ofOCG′(Q′)bδ′ , respectively. Therefore Q′δ′ is self-centralizing.
(2.3.2) Since Tν is a defect pointed group of NG(Qδ)α , by [4, Lemma 3.9], Tν is self-
centralizing and NNG(Qδ)(Tν)/T CG(T ) is a p′-group. Then by (i), T ′ν′ is self-centralizing.
Since T stabilizes Qδ , by [4, Theorem 5.3], T ′ also stabilizes Q′δ′ . Since Qδ  Tν , by [4,
Proposition 5.9], Q′
δ′  T ′ν′ and thus by [10, Proposition 37.7],
T ′′ NG′
(
Q′ ′
)
′ .ν δ α
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NNG′ (Q′δ′ )
(T ′
ν′)/T
′CG′(T ′) is a p′-group. Denote by EG(Tν)Q the subset of EG(Tν) con-
sisting of all orbits ϕ¯ such that there exists ϕ ∈ ϕ¯ mapping Q onto Q. By [2, 3.3.1],
EG(Tν)Q is a subgroup of EG(Tν) and since Qδ is nil-centralized, by [6, Proposition 3.3],
it is isomorphic to NNG(Qδ)(Tν)/T CG(T ). The subgroup EG′(T ′ν′)Q′ of EG′(T
′
ν′) is sim-
ilarly defined and is isomorphic to NNG′ (Q′δ′ )(T
′
ν′)/T
′CG′(T ′). Then the isomorphism in
[7, 7.6.3] induces the isomorphism
EG(Tν)Q ∼= EG′
(
T ′ν′
)
Q′ .
Hence NNG′ (Q′δ′ )(T
′
λ′)/T
′CG′(T ′) is a p′-group.
(2.3.3) Since Rλ is a defect pointed group of QCG(Q)β , by [4, Lemma 3.9], Rλ is self-
centralizing and NQCG(Q)(Rλ)/RCG(R) is a p′-group. Then by (i), R′λ′ is self-centralizing.
Since R = QCR(Q),
R′ = σ(R) = Q′CR′(Q′)Q′CG′(Q′).
Since Qδ  Rλ, by [4, Proposition 5.9], Q′δ′  R′λ′ and thus by [10, Proposition 37.7],
R′
λ′ Q′CG′(Q′)β ′ . So in order to complete the proof, by [4, Lemma 3.9] again, the rest
is to show that NQ′CG′ (Q′)(R
′
λ′)/R
′CG′(R′) is a p′-group. Denote by EG(Rλ)Q the sub-
set of EG(Rλ) consisting of all orbits φ¯ such that there exists φ ∈ φ¯ preserving all the
elements of Q. By [2, 2.5.1], EG(Rλ)Q is a subgroup of EG(Rλ) and is isomorphic to
NQCG(Q)(Rλ)/RCG(R). Similarly the subgroup EG′(R′λ′)
Q′ of EG′(R′λ′) is defined and is
isomorphic to NQ′CG′ (Q′)(R
′
λ′)/R
′CG′(R′). Then the isomorphism in [7, 7.6.3] induces the
isomorphism
EG(Rλ)
Q ∼= EG′
(
R′λ′
)Q′
.
Hence NQ′CG′ (Q′)(R
′
λ′)/R
′CG′(R′) is a p′-group. 
3. The local structure of block extensions
Let G be a finite group and Q be a p-subgroup of G. For any subgroup H such that
QH NG(Q), OG and 4OQCG(Q) admit the obvious H -algebra structures induced
by the H -conjugation. Let PQ(OG) be the set of all pointed groups H on OG such that
QH NG(Q) and BrOGQ () 	= {0},
and PQ(OQCG(Q)) be the set of all pointed groups H ◦ on OQCG(Q) such that
QH NG(Q) and BrOQCG(Q)Q
(
 ◦
) 	= {0}.
The following lemma is well known:
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bijection F between PQ(OG) and PQ(OQCG(Q)), mapping H ∈ PQ(OG) onto H ◦
such that
BrOGQ () = BrOQCG(Q)Q
(
 ◦
)
.
In particular, the bijection preserves the localness and inclusion of pointed groups.
Proof. If Q is equal to {1}, then the lemma is trivial. Now we assume that Q is not equal
to {1}.
Let H be a subgroup such that Q  H  NG(Q). Obviously (OG)Q, kCG(Q) and
(OQCG(Q))Q are H -algebras and
BrOGQ : (OG)Q → kCG(Q) and BrOQCG(Q)Q :
(OQCG(Q)
)Q → kCG(Q)
are H -algebra homomorphisms (see [10]); moreover we have
BrOGQ
(
(OG)H )= (kCG(Q)
)H = BrOQCG(Q)Q
((OQCG(Q)
)H )
.
Therefore the bijection between PQ(OG) and PQ(OQCG(Q)) is clear.
Let H ∈ PQ(OG). Then BrOGQ () is a point of H on kCG(Q) and by [1, Proposi-
tion 1.5], H is local if and only if HBrOGQ () on kCG(Q) is local. Set
H ◦ =F(H ).
Similarly, BrOQCG(Q)Q ( ◦) is a point of H on kCG(Q) and H ◦ is local if and only if
H
BrOQCG(Q)Q ( ◦)
on kCG(Q) is local. Since
BrOQCG(Q)Q
(
 ◦
)= BrOGQ (),
H is local if and only if H ◦ is local.
Let H K and H , Kπ ∈PQ(OG). Then BrOGQ () and BrOGQ (π) are points of H and
K on kCG(Q), respectively. Let (kCG(Q))(HBrOGQ ()) be the simple factor of (kCG(Q))
H
corresponding to the pointed group HBrOGQ (),
SBrOGQ ()
:
(
kCG(Q)
)H → (kCG(Q)
)
(HBrOGQ ()
)
be the natural homomorphism and
S : (OG)H →
(
kCG(Q)
)
(HBrOG())Q
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OG
Q on (OG)H . Since S is sur-jective and
S () = SBrOGQ ()
(
BrOGQ ()
) 	= {0},
(kCG(Q))(HBrOGQ ()
) is also the simple factor of (OG)H corresponding to H . Since
S (π) = SBrOGQ ()
(
BrOGQ (π)
)
,
H Kπ if and only if
HBrOGQ ()
KBrOGQ (π)
(see the first paragraph in [3, p. 267]). Set H ◦ = F(H ) and Kπ◦ = F(Kπ). Similar to
the above, it is easily concluded that BrOQCG(Q)Q () and Br
OQCG(Q)
Q (π) are points of H
and K on kCG(Q), respectively, and that H ◦  Kπ◦ if and only if HBrOQCG(Q)Q ( ◦)

K
BrOQCG(Q)Q (π◦)
. Since
BrOQCG(Q)Q
(
 ◦
)= BrOGQ () and BrOQCG(Q)Q
(
π◦
)= BrOGQ (π),
H ◦ Kπ◦ if and only if H Kπ . 
3.2. Borrow the notations and hypothesis in 1.5 and 2.2. LetF be the bijection between
PQ(OG) and PQ(OQCG(Q)) as in Lemma 3.1. It is easy to check that F(QCG(Q)β) =
QCG(Q){bδ} and F(NG(Qδ)α) = NG(Qδ){bδ}. Set Rλ◦ = F(Rλ) and Tν◦ = F(Tν). By
Lemma 3.1 and [10, Theorem 18.3], Rλ◦ is contained in Tν◦ and Rλ◦ and Tν◦ are defect
pointed groups of QCG(Q){bδ} and NG(Qδ){bδ}, respectively.
Since OQCG(Q)bδ is nilpotent, by [2, Theorem 1.8], there exist a finite group L and
group homomorphisms π : L → NG(Qδ)/QCG(Q) and τ :T → L fulfilling the following
conditions:
(3.2.1) Im(π) = NG(Qδ)/QCG(Q), Ker(π) = τ(R), Ker(τ ) = {1} and π(τ(u)) = u¯ for
any u ∈ T , where u¯ is the image of u in NG(Qδ)/QCG(Q). In particular, consid-
ering L endowed with the action on the set NG(Qδ)/QCG(Q) given by π and the
left multiplication as NG(Qδ)/QCG(Q)-permutation group, τ induces a bijection
τ¯S : HomNG(Qδ)/QCG(Q)(S,T ) ∼= HomNG(Qδ)/QCG(Q)
(
τ(S), τ (T )
)
for any subgroup S of T .
(3.2.2) For any local pointed group Sµ◦ on OQCG(Q) such that Rλ◦  Sµ◦  Tν◦ , we
have
τ¯S
(
ENG(Qδ),NG(Qδ)/QCG(Q)(Sµ◦, Tν◦)
)= EL,NG(Qδ)/QCG(Q)
(
τ(S), τ (T )
)
.
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Lemma 3.1. It is easy to check that
F ′(Q′CG′(Q′)β ′
)= Q′CG′(Q′){bδ′ } and F ′
(
NG′
(
Q′δ′
)
α′
)= NG′
(
Q′δ′
)
{bδ′ }.
Set F ′(Q′
δ′) = Q′δ′ ◦ , F ′(R′λ′) = R′λ′ ◦ and F ′(T ′ν′) = T ′ν′ ◦ . Since R′λ′ and T ′ν′ are defect
pointed groups of Q′CG′(Q′)β ′ and NG′(Q′δ′)α′ , respectively, by Lemma 2.3, it follows
from Lemma 3.1 and [10, Theorem 18.3] that R′
λ′ ◦ and T
′
ν′ ◦ are also defect pointed groups
of Q′CG′(Q′){bδ′ } and NG′(Q
′
δ′){bδ′ }, respectively. Now we come to exhibit the properties
of Q′
δ′ similar to (3.2.1) and (3.2.2).
Lemma 3.4. With the hypothesis and notations as above, there exist group homomorphisms
π ′ :L → NG′(Q′δ′)/Q′CG′(Q′) and τ ′ :T ′ → L fulfilling the following conditions:
(3.4.1) Im(π ′) = NG′(Q′δ′)/Q′CG′(Q′), Ker(π ′) = τ ′(R′), Ker(τ ′) = {1} and π ′(τ ′(u′)) =
u¯′ for any u′ ∈ T ′, where u¯′ is the image of u′ in NG′(Q′δ′)/Q′CG′(Q′). In particu-
lar, considering L endowed with the action on the set NG′(Q′δ′)/Q
′CG′(Q′) given
by π ′ and the left multiplication as NG′(Q′δ′)/Q′CG′(Q′)-permutation group, τ ′
induces a bijection
τ¯ ′S′ : HomNG′
(
Q′
δ′
)
/Q′CG′ (Q′)(S
′, T ′) → HomNG′ (Q′δ′ )/Q′CG′ (Q′)
(
τ ′(S′), τ ′(T ′)
)
for any subgroup S′ of T ′.
(3.4.2) For any local pointed group S′
µ′ ◦ on OQ′CG′(Q′) such that R′λ′ ◦  S′µ′ ◦  T ′ν′ ◦ ,
we have
τ¯ ′S′
(
ENG′ (Q′δ′ ),NG′ (Q
′
δ′ )/Q
′CG′ (Q′)
(
S′µ′ ◦, T
′
ν′ ◦
))
= EL,NG′ (Q′δ′ )/Q′CG′ (Q′)
(
τ ′(S′), τ ′(T ′)
)
.
Proof. For any subgroup S  P , we denote by σS the obvious group isomorphism from
S to S′ = σ(S) induced by σ (see it between (1.5.1) and (1.5.2)). By [7, 7.6.3] and [5,
2.16.3], σQ induces a group isomorphism
ςQ : NG(Qδ)/QCG(Q) ∼= EG(Qδ) ∼= EG′
(
Q′δ′
)∼= NG′
(
Q′δ′
)/
Q′CG′(Q′)
such that for any u ∈ T , ςQ(u¯) = σT (u). Set π ′ = ςQ ◦π and τ ′ = τ ◦σ−1T . Then Im(π ′) =
NG′(Q′δ′)/Q
′CG′(Q′), Ker(π ′) = τ(R) = τ ′(R′), Ker(τ ′) = {1} and π ′(τ ′(u′)) = u¯′ for
any u′ ∈ T ′. For any subgroup S′  T ′, denote by τ ′
S′ the group isomorphism S
′ ∼= τ ′(S′) =
τ(S) induced by τ ′. Then it is a routine exercise to check that the map
τ¯ ′S′ : HomNG′ (Q′δ′ )/Q′CG′ (Q′)(S
′, T ′) → HomNG′ (Q′δ′ )/Q′CG′ (Q′)
(
τ ′(S′), τ ′(T ′)
)
, (3.4.3)
sending (ϕ′, f ′) to (τ ′
T ′ ◦ ϕ′ ◦ τ ′S′−1, f ′), is well defined and bijective. Thus (3.4.1) is
proved.
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µ′ ◦ be a local pointed group on OQ′CG′(Q′) such that R′λ′ ◦  S′µ′ ◦  T ′ν′ ◦ . Set
S′µ′ =F ′−1
(
S′µ′ ◦
)
, Sµ =FS,S′γ,γ ′
−1(
S′µ′
)
and Sµ◦ =F(Sµ).
For any
(ϕ′, f ′) ∈ ENG′ (Q′δ′ ),NG′ (Q′δ′ )/Q′CG′ (Q′)
(
S′µ′ ◦, T
′
ν′ ◦
)
,
there exists x′ ∈ NG′(Q′δ′) such that (S′µ′ ◦)x
′  T ′
ν′ ◦ , ϕ
′(s′) = x′−1s′x′ for any s′ ∈ S′
and f ′(n¯′) = x¯′−1n¯′ for any n¯′ ∈ NG′(Q′δ′)/Q′CG′(Q′). Since F ′((S′µ′)x
′
) = (S′
µ′ ◦)
x′
, by
Lemma 3.1, (S′
µ′)
x′  T ′
ν′ and thus ϕ¯
′ ∈ ENG′ (Q′δ′ )(S
′
µ′, T
′
ν′) ⊂ EG′(S′µ′ , T ′ν′). By [7, 7.6.3],
σ−1T ◦ ϕ′ ◦ σS ∈ EG(Sµ,Tν),
thus there exists x ∈ G such that (σ−1T ◦ ϕ′ ◦ σS)(s) = x−1sx for any s ∈ S and (Sµ)x 
Tν . In particular, Qx = Q. Since Qδ  Rλ  Sµ  Tν by [4, Proposition 5.9] and
Lemma 3.1, it follows from [6, Proposition 3.3] that (Qδ)x = Qδ , thus x ∈ NG(Qδ).
Moreover by [7, 7.6.3], ςQ(x¯) = x¯′, where x¯ and x¯′ are the images of x and x′ in
NG(Qδ)/QCG(Q) and NG′(Q′δ′)/Q
′CG′(Q′), respectively. Since F((Sµ)x) = (Sµ◦)x , by
Lemma 3.1, (Sµ◦)x  Tν◦ . Now it is trivially verified that the map
χS :ENG′ (Q′δ′ ),NG′ (Q
′
δ′ )/Q
′CG′ (Q′)
(
S′µ′ ◦, T
′
ν′ ◦
)→ ENG(Qδ),NG(Qδ)/QCG(Q)
(
Sµ◦, Tν◦
)
,
sending (ϕ′, f ′) to (σ−1T ◦ ϕ′ ◦ σS, ς−1Q ◦ f ′ ◦ ςQ), is well defined and bijective.
For any subgroup U  T , we denote by τU the isomorphism U ∼= τ(U) induced by τ .
By (3.2.2), τ¯S induces a bijection
ENG(Qδ),NG(Qδ)/QCG(Q)(Sµ◦, Tν◦) → EL,NG(Qδ)/QCG(Q)
(
τ(S), τ (T )
)
, (3.4.4)
mapping (ϕ,f ) to (τT ◦ ϕ ◦ τ−1S , f ). Obviously the map
EL,NG(Qδ)/QCG(Q)
(
τ(S), τ (T )
)→ EL,NG′ (Q′δ′ )/Q′CG′ (Q′)
(
τ ′(S′), τ ′(T ′)
)
, (3.4.5)
sending (φ,f ) to (φ,ςQ ◦ f ◦ ς−1Q ), is also bijective. Furthermore the composition of the
bijections χS , (3.4.4) and (3.4.5) coincides with the restriction of τ¯ ′S′ to
ENG′ (Q′δ′ ),NG′ (Q
′
δ′ )/Q
′CG′ (Q′)
(
S′µ′ ◦, T
′
ν′ ◦
)
.
Thus (3.4.2) is proved. 
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4.1. Let Gˆ be a k∗-group of k∗-quotient G and ϕ :H → G be a group homomorphism.
We denote by Resϕ(Gˆ) the group of pairs (xˆ, y) ∈ Gˆ × H such that ϕ(y) is the image
of xˆ in G. Then Resϕ(Gˆ) is a k∗-group with the group homomorphism k∗ → Resϕ(Gˆ),
 → (,1), and has the k∗-quotient isomorphic to H . We will always identify the k∗-
quotient of Resϕ(Gˆ) with H . For more details on k∗-groups, please see [5, §5].
4.2. Borrow the notations and hypothesis in 1.5, 2.2 and 3.2–3.4. Since Qδ is nil-
centralized,
S(Qδ) =OQCG(Q)bδ/J
(OQCG(Q)bδ
)
is simple, where J (OQCG(Q)bδ) is the Jacobson radical of OQCG(Q)bδ . The NG(Qδ)-
conjugation on QCG(Q) induces an action of NG(Qδ) on S(Qδ), from which, by the
Noether–Skolem theorem, we obtain a group homomorphism ρ :NG(Qδ) → S(Qδ)∗/k∗.
Consider S(Qδ)∗ as a k∗-group with the group homomorphism k∗ → S(Qδ)∗,  → 1
and then set NˆG(Qδ) = Resρ(S(Qδ)∗). By [5, Proposition 6.5], {(g1, g) | g ∈ QCG(Q)}
is a normal subgroup of NˆG(Qδ) isomorphic to QCG(Q) and intersecting k∗ trivially. We
identify QCG(Q) with {(g1, g) | g ∈ QCG(Q)} and set
EˆG(Qδ) = NˆG(Qδ)/QCG(Q).
For any (a, g) ∈ NˆG(Qδ), we denote by (a, g) the image of (a, g) in EˆG(Qδ). Then
EˆG(Qδ) is a k∗-group of k∗-quotient NG(Qδ)/QCG(Q) with the injective homomorphism
k∗ → EˆG(Qδ),  → (,1).
Set Lˆ = Resπ (EˆG(Qδ)) (see π in 3.2). By [5, Lemma 5.5], we can identify T with the
subgroup {((1, t), τ (t)) | t ∈ T } of Lˆ.
4.3. By Lemma 2.3, Q′
δ′ is also nil-centralized and thus the k
∗
-group EˆG′(Q′δ′) of k
∗
-
quotient NG′(Q′δ′)/Q
′CG′(Q′) is similarly defined. Set Lˆ′ = Resπ ′(EˆG′(Q′δ′)) and identify
T ′ with the subgroup {((1, t ′), τ ′(t ′)) | t ′ ∈ T ′} of Lˆ′. By [5, Proposition 6.12], [4, Proposi-
tion 5.11] and [2, 2.12.4], the embedding (1.5.2) induces a k∗-group isomorphism (see [5,
§5])
EˆG(Qδ) ∼= EˆG′
(
Q′δ′
) (4.3.1)
lifting the isomorphism ςQ : NG(Qδ)/QCG(Q) ∼= NG′(Q′δ′)/Q′CG′(Q′) (see ςQ in the
proof of Lemma 3.4). Further it is easy to check that there exists a k∗-group isomorphism
Lˆ ∼= Lˆ′, (4.3.2)
mapping t ∈ T onto σ(t) ∈ T ′ and lifting the isomorphism (4.3.1).
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O∗ ∼= (1+J (O))×k∗. We identify k∗ with the image of k∗ inO∗ and for a k∗-group Hˆ , we
define the twisted group algebra O∗Hˆ of Hˆ over O to be the tensor product O⊗Ok∗ OHˆ
with the distributive multiplication as follows
(a ⊗ xˆ)(a′ ⊗ xˆ′)= aa′ ⊗ xˆxˆ′ for any a, a′ ∈O and xˆ, xˆ′ ∈ Hˆ ,
where the leftOk∗-moduleOHˆ and the rightOk∗-moduleO are induced by the inclusions
k∗ ⊂ Hˆ and k∗ ⊂O, respectively.
Now by the isomorphism (4.3.2), there exists an isomorphism of OT -interior algebras
O∗Lˆ ∼= ResσT
(O∗Lˆ′
)
. (4.4.1)
4.5. Let G be a finite group, A be an OG-interior algebra and Kγ and Lδ be pointed
groups on A. By [8, 2.11 and Proposition 2.12], we can define an A-fusion from Kγ to Lδ
to be an orbit φ¯ in Hom∅(K,L) fulfilling that there exists φ in φ¯ such that φ is injective,
for some i ∈ γ and some j ∈ δ, there exists a ∈ A∗ such that iAi ⊂ (jAj)a and for any
y ∈ K , (yi)a = φ(y)ia = φ(y)ia . We denote by FA(Kγ ,Lδ) the set of the A-fusions from
Kγ to Lδ and write FA(Kγ ) instead of FA(Kγ ,Kγ ).
Lemma 4.6. With notations as above, R is a normal subgroup of L such that CL(R) =
Z(R).
Proof. By Lemma 3.1, Qδ determines a local pointed group QδN on ONG(Qδ)bδ such
that
BrOGQ (δ) = BrONG(Qδ)Q
(
δN
)
.
Since both BrOGQ and Br
ONG(Qδ)
Q are NG(Qδ)-algebra homomorphisms (see [10]), it is
easily checked that EG(Qδ) = ENG(Qδ)(QδN ). Choose j ∈ ν◦ and consider j (ONG(Qδ))j
as an OT -interior algebra with the group homomorphism T → (j (ONG(bδ))j)∗, t → tj .
By Lemma 3.1 again, Tν◦ determines a defect pointed group TνN of ONG(Qδ)bδ such that
BrONG(Qδ)T
(
νN
)= BrOQCG(Q)T (ν◦).
By [10, Theorem 3.2], there exists j ∈ ν◦ and j ′ ∈ νN such that j ′j = j ′ = jj ′; in par-
ticular, a source algebra of ONG(Qδ)bδ is embedded into j (ONG(Qδ))j as OT -interior
algebras. Obviously j (ONG(Qδ))j is also embedded into ONG(Qδ)bδ as OT -interior al-
gebras. Thus by [8, Corollary 2.17], the local fusion categories (see [8]) of j (ONG(Qδ))j
and ONG(Qδ)bδ are equivalent and then there exists a local pointed group Qδj on
j (ONG(Qδ))j such that by [8, Theorem 3.1], we have
EN (Qδ)(QδN ) = FON (Q )b (QδN ) = Fj(ON (Q ))j (Qδj ) = EN (Qδ)(Qδj ).G G δ δ G δ G
504 Y. Zhou / Journal of Algebra 298 (2006) 493–506Since Qδ is nil-centralized, by [2, Theorem 1.12], there exists an indecomposable endo-
permutation OT -module W with vertex T such that
j
(ONG(Qδ)
)
j ∼= EndO(W) ⊗O O∗Lˆ
as OT -interior algebras. By [4, Theorem 5.3], Qδj determines a local pointed group QδL
on O∗Lˆ such that ENG(Qδ)(Qδj ) ∼= EL(QδL). Up to now, we have NG(Qδ)/QCG(Q) ∼=
NL(QδL)/QCL(Q). Since R ⊂ QCL(Q), the condition (3.2.1) forces NL(QδL) = L and
QCL(Q) = R. Thus CL(R) ⊂ CL(Q) ⊂ R. 
Lemma 4.7. With the hypothesis and notations as above, then ONG′(Q′δ′)bδ′ is basic
Morita equivalent to ONG(Qδ)bδ .
Proof. Since BrT (ν◦) 	= {0} and T is a defect group of the block algebra ONG(Qδ)bδ ,
there exists a defect pointed group Tω on ONG(Qδ)bδ , fulfilling that there exist i ∈ ω
and j ∈ ν◦ such that ij = ji = i. In particular, there exists an embedding of OT -interior
algebras
(ONG(Qδ)
)
ω
= i(ONG(Qδ)
)
i → j(ONG(Qδ)
)
j, (4.7.1)
where j (ONG(Qδ))j admits the OT -interior algebra structure with the group homo-
morphism T → (j (ONG(Qδ))j)∗, t → tj. Since Qδ is nil-centralized, OQCG(Q)bδ is
nilpotent and thus by [2, Theorem 1.12], there exists an indecomposable endo-permutation
OT -module W with vertex T such that there exists the following OT -interior algebra
isomorphism
j
(ONG(Qδ)
)
j ∼= EndO(W) ⊗O O∗Lˆ(Qδ). (4.7.2)
Then the composition of (4.7.1) and (4.7.2) gives an embedding of OT -interior algebras
(ONG(Qδ)
)
ω
→ EndO(W) ⊗O O∗Lˆ(Qδ). (4.7.3)
It is well known that there exists an OT -interior algebra embedding
O→ EndO
(
W ∗
)⊗O EndO(W), (4.7.4)
where W ∗ is the dual of W . Then by tensoring (4.7.4) with O∗Lˆ(Qδ) and (4.7.3) with
EndO(W ∗) respectively, we have the two embeddings of OT -interior algebras
O∗Lˆ(Qδ) G−→ EndO
(
W ∗
)⊗O EndO(W) ⊗O O∗Lˆ(Qδ)
H←− EndO
(
W ∗
)⊗O
(ONG(Qδ)
)
ω
.
By Lemma 4.6, {1} is the unique local point of T on O∗Lˆ(Qδ); thus by [4, Theo-
rem 5.3], T also has unique local points on EndO(W ∗) ⊗O EndO(W) ⊗O O∗Lˆ(Qδ)
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the localness of pointed groups, there exists an invertible element a ∈ EndO(W ∗) ⊗O
EndO(W) ⊗O O∗Lˆ(Qδ) such that G(1)H(1)a = G(1) =H(1)aG(1). Then by [4, 2.10.1],
there exists the following embedding of OT -interior algebras
O∗Lˆ(Qδ) → EndO
(
W ∗
)⊗O
(ONG(Qδ)
)
ω
. (4.7.5)
By Lemma 2.3, Q′
δ′ is nil-centralized and R
′
λ′ and T
′
ν′ are defect pointed groups of
Q′CG′(Q′)β ′ and of NG′(Q′δ′)α′ , respectively. Further by Lemma 3.1, R
′
λ′ ◦ is contained
in T ′
ν′ ◦ and R
′
λ′ ◦ and T
′
ν′ ◦ are defect pointed groups of Q
′CG′(Q′)bδ′ and of NG′(Q
′
δ′)bδ′ ,
respectively. Similar to (4.7.1)–(4.7.3), we also can conclude from Lemma 3.4 and [4, The-
orem 1.12] that there exist a defect pointed group T ′
ω′ of the block algebra ONG′(Qδ′)bδ′
and an indecomposable endo-permutation OT ′-module W ′ with vertex T ′ such that there
exists an embedding of OT ′-interior algebras
(ONG′(Qδ′)
)
ω′ → EndO(W ′) ⊗O∗Lˆ′
(
Q′δ′
)
. (4.7.6)
Then by (4.7.6), (4.4.1) and (4.7.5), we have an embedding of OT ′-interior algebras
(ONG′
(
Q′δ′
))
ω′ → EndO
(
W ′ ⊗ Res
σ−1T
(
W ∗
))⊗O Resσ−1T
((ONG(Qδ)
)
ω
)
.
Since {1} is the unique local point of T ′ on (ONG′(Q′δ′))ω′ , by [4, Theorem 5.3], there ex-
ists an indecomposable direct summand V ′ of OT ′-module W ′ ⊗ Res
σ−1T
(W ∗) with vertex
T ′ such that (ONG′(Q′δ′))ω′ is embedded
EndO(V ′) ⊗O Resσ−1T
((ONG(Qδ)
)
ω
)
as OT ′-interior algebras. Then by [7, 6.12.2 and Theorem 6.9], ONG′(Q′δ′)bδ′ is basic
Morita equivalent to ONG(Qδ)bδ . 
4.8. Proof of Theorem 1.6
Let NG(Qδ)α be the unique pointed group on OG such that Qδ NG(Qδ)α and Tν be
a defect pointed group of NG(Qδ)α . If Tν is contained in Pγ , then Theorem 1.6 follows
from Lemma 4.7. Otherwise there exists a suitable G-conjugate Q¯δ¯ of Qδ such that T¯ν¯
is contained in Pγ , where T¯ν¯ is a defect pointed group of NG(Q¯δ¯)α¯ and NG(Q¯δ¯)α¯ is the
unique pointed group on OG such that Q¯δ¯ NG(Q¯δ¯)α¯ . Set
Q¯′¯
δ′ =F
Q¯,Q¯′
γ,γ ′
(
Q¯δ¯
)
.
By [7, 7.6.3], Q′
δ′ is G
′
-conjugate to Q¯′¯
δ′ . Thus ONG(Qδ)bδ being basic Morita equiv-
alent to ONG′(Q′δ′)bδ′ is reduced to ONG(Q¯δ¯)bδ¯ being basic Morita equivalent to
ONG′(Q¯′ ′)b ¯′ and then it follows from Lemma 4.7 again.δ¯ δ
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